We consider the Cauchy problems with spectral parameter for two types of the Sturm-Liouville operator. It's proved that the sequence of values for the spectral parameter can be chosen so that the corresponding system of solutions forms an isomorphic basis to the classical trigonometrical systems in the Lebesgue space with variable summability index.
Introduction
Consider the differential expression L λ of the Sturm-Liouville problem L λ y = −y (t) + (q(t) − λ)y(t), t ∈ (0, π), with spectral parameter λ ∈ C (C is a complex plane). The different spectral problems relatively to L λ in the various functional spaces are sufficiently well studied. The essence is to find the spectrum and the corresponding resolution of identity. It should be noted that recently the interest to studying of spectral problems for L λ is increased, when the spectral parameter enters into the boundary conditions. Basically, this tendency began to rapid develop after the works [17, 16, 18] . In [12] the problem is otherwise. Namely, the Cauchy problem for the homogeneous equation L λ = 0, depending on the parameter λ is considered. Finding the conditions on the sequence {λ n } n∈N , when the corresponding family of solutions forms a Riesz basis in L 2 .
It should be noted that recently in connection with some specific problems of mechanics and mathematical physics the interest to study of one or another questions in the generalized Lebesgue L p(·) and Sobolev W m p(·) spaces is greatly increased. The interest aroused, apart from mathematical curiosity, by possible applications to models with the so called non-standard growth in fluid mechanics, elasticity theory, in differential equations, see for example, [25, 10, 19, 20] and references therein.
Applying the Fourier method to solve many problems for partial differential equations leads to the study of spectral problems for Sturm-Liouville equation. In this paper we consider the Cauchy problems L λ u = 0 in the spaces L p(·) . We study the basicity of the system of solutions in L p(·) . The obtained results include the results of work [12] . Propose a different method of investigation of the basis (as the method of investigation [12] in this case is not applicable). Thus it uses the results with respect to the basis properties (completeness, minimality, basicity, etc.) of perturbed trigonometric systems in Lebesgue spaces. Numerous works of various authors (see. e.g. [23, 24, 26, 1, 2, 3, 4, 5, 6] ) are devoted to this direction. Basicity of trigonometric systems with linear perturbation is studied in generalized Lebesgue spaces in [7, 8, 28 ].
Necessary facts
We first provide some notations and facts from the theory of L p(·) spaces and close bases. At first we define L p(·) space. 
, [29, 21, 11] ). Denote this space by L p(·) .
Consider the following weak Lipschitz class W L π :
Denote by q (t) the conjugate of p (t) :
≡ 1. Let us give some facts from this theory. The generalized Holder inequality
holds, where c (p
The following property is true.
It is easy to see that there holds
We also need some facts from the theory of close bases. We accept the following standard notations.
B-space is a Banach space; X * is a space conjugated to X ; f (x) means value of the functional f in x for (f ; x) ∈ X * × X ; N are natural numbers; Z are integers; C is a complex plane; Z + = N {0}; ⇒ means follows; ⇔ −equivalent; cardM −number of elements of M ; δ ik is the Kronecker symbol.
It is easy to establish validity of the following statement. Proposition 2.3. Let X be a B-space with a basis {x n } n∈N ⊂ X and F : X → X be a Fredholm operator ( i.e., index of the operator F is equal to zero). Then the following properties of {y n } n∈N : y n = F x n , ∀n ∈ N , in X are equivalent:
2. {y n } n∈N is minimal; 3. {y n } n∈N is ω-linearly independent;
4. {y n } n∈N is the basis isomorphic to {x n } n∈N .
There holds the following Lemma 2.4. Let X be a B-space with a basis {x n } n∈N and {y n } n∈N ⊂ X : card {n : x n = y n } < +∞. Then the linear operator F : X → X, defined as
is Fredholm, where the system {x * n } n∈N ⊂ X * is conjugate to {x n } n∈N system.
Indeed, we have
where I : X → X is an identity operator and T x = ∞ n=1 x * n (x) (y n − x n ). It is clear that the operator T is finite dimensional and as a result, F = I + T is Fredholm.
Using this lemma and Proposition 2.3 we have following Corollary 2.5. Let X be B-space with a basis {x n } n∈N and {y n } n∈N ⊂ ⊂ X : card {n : x n = y n } < +∞. Then the properties 1)-4) of {y n } n∈N in Proposition 2.1 are equivalent.
Using the results in [14, 27] it is easy to prove the following Theorem 2.6. Let the system {cos λ n x} n∈N ({sin λ n x} n∈N ) is complete in
Then the system {cos µ n x} n∈N ({sin µ n x} n∈N ) is also complete in L p(·) , if card {n : λ n = µ n } < +∞ and µ i = ±µ j , for i = j.
We will also use the concept of the space of coefficients. We define it as follows. Let x ≡ {x n } n∈N ⊂ X be a non-degenerate system in a B-space X, i.e. x n = 0, ∀n ∈ N. Define
λ n x n is convergent in X .
Introduce the norm in K x :
λ n x n , where λ = {λ n } n∈N .
With respect to the usual operations of addition and multiplication by a complex number, K x is a Banach space. Take ∀ λ ∈ K x and consider the operator T : K x → X:
Denote by {e n } n∈N ⊂ K x a canonical system in K x , where e n = {δ nk } k∈N . It is absolutely clear that T e n = x n , ∀n ∈ N. The following statement is true. Corollary 2.7. Space of coefficients K x is a Banach space with the canonical basis {e n } n∈N . Moreover, the system x forms a basis for X ⇔ T performs an isomorphism between K x and X.
More information about the above facts can be found in [13, 30, 31, 9] .
Close bases of cosines and sines in L p(·)
We denote the sequence {λ n } n∈Z + ⊂ C :λ ≡ {λ n } n∈Z + byλ. Let cλ ≡ {cos λ n x} n∈Z + , sλ ≡ {sin λ n x} n∈N . Denote by K p(·) {f n } n∈N the space of coefficients of the basis {f n } n∈N in the space L p(·) . If the basis {f n } n∈N and
The following proposition is true.
Letλ;μ ⊂ C are some sequences. Denote byp :p = min {p − ; 2}. There holds the following Theorem 3.2. Let cλ forms an isomorphic to {cos nx} n∈Z + basis in L p(·) . Assume that p ∈ W L π , p − > 1, and n |λ n − µ n |p < +∞. If µ i = ±µ j , for i = j, then cμ is also a basis in L p(·) isomorphic to the basis {cos nx} n∈Z + .
Proof. Everywhere we will denote constants without an index by c, generally speaking, different in different inequalities. There holds |cos λ n x − cos µ n x| ≤ c |λ n − µ n | .
Then according to Property A we have
Denote by P the automorphism in L p(·) , which transforms the basis cλ to {cos nx} n∈Z + . We take f ∈ L p(·) and put g = P f . Let {f n } n∈Z + is a system of biorthogonal coefficients of function f by the system cλ. Therefore {f n } n∈Z + is a system of biorthogonal coefficients of function g by the system {cos nx} n∈Z + . Consider the expression n (cos λ n t − cos µ n t) (P f ; cos nx) ,
where (f ; g)
It's obvious that 1 <p ≤ 2. Then by the Hausdorff-Young theorem [32] we have n |f n |q
From (1), (3) we obtain that the expression (2) is a function from L p(·) , denote it by T f . Define
We put
It's clear that there exists n 0 ∈ N such that cδ n 0 < 1. LetT be the operator T f = n (cos λ n t − cos ω n t) (P f ; cos nx) .
From (4) we obtain T < 1. Denote by {ϑ n } n∈Z + ⊂ L q(·) the system biorthogonal to the system cλ. We have f n = (P f ; cos nx) = (f ; ϑ n ),∀n ∈ Z + . The operator I −T is invertible in L p(·) and moreover I −T (cos λ n t) = cos ω n t, ∀n ∈ Z + . Thus the system cω is a basis in L p(·) isomorphic to cλ. It's clear that the systems cω and cμ differ by finite number of elements. The result follows from Theorem 2.6. The theorem is proved. Similar statement holds for the system of sines.
4 Bases in L p(·) consisting of the solutions of the Cauchy problem for the Sturm-Liouville equation
Consider the Cauchy problem
where λ is a constant.
Theorem 4.1. The system of solutions {u (x, λ n )} n∈Z + of the problem (5)-(6) corresponding to the sequence {λ n } n∈Z + forms a basis for L p(·) isomorphic to the system {cos λ n x} n∈Z + only if the system of cosines cλ forms a basis for L p(·) isomorphic to {cos λ n x} n∈Z + .
Indeed, it is well known that the following representation is true
where
See, for example, the monograph [22] . Then the truth of the theorem follows from (7). In fact, denote by K :
be an identity operator. From the continuity of the kernel K (·; ·), it follows that K is a completely continuous operator with spectrum {0}. Therefore, it is clear that the operator (I + K) is invertible in L p(·) , and furthermore, as follows from (7) we have u (x, λ n ) = (I + K) cosλ n x, ∀n ∈ Z + . This immediately implies the assertion.
We have similar statement for the Cauchy problem L λ u (t) = 0 , t ∈ (0, π) ,
u (0) = 0 , u (0) = λ.
Theorem 4.2. The system of solutions {u (x, λ n )} n∈N of the Cauchy problem (8) − (9) forms a basis for L p(·) isomorphic to {sin nx} n∈N only if the system sλ forms a basis for L p(·) isomorphic to {sin nx} n∈N .
Validity of this theorem follows from the relation u (x, λ n ) = sin λ n x + x 0 R (x, t) sin λ n t dt, where R (x, t) is continuous on [0, π] × [0, π] ( see. [22] ). A further reasoning is given in the previous case.
It should be noted that in the particular case p (t) ≡ 2, we obtain the results in [12] and in the case p (·) ≡ const we obtain the results of [15] .
